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Fast Convergence of Viscous Airfoil Design Problems
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An efficient formulation for the inverse and direct design optimization of airfoils in laminar and turbulent
flow is presented. Our procedure simultaneously relies on converging the design process and the analysis, while
sequentially using progressively finer grids. All flow analyses and the objective function are computed with standard
accurate viscous flow solvers. Approximate design sensitivities are computed using a highly efficient adjoint solution
procedure based on an artificially dissipative, inviscid auxiliary flow solver on a coarse grid. Our procedure involves
what we term progressive optimization, whereby a sequence of operations, containing a partially converged flow
solution, followed by a partially converged adjoint solution followed by an optimization step, is performed. This
approach has been tested on several sample inverse and direct (constrained) design problems involving two-
dimensional airfoils in laminar and turbulent flow conditions. The methodology has exhibited robustness and was
shown to be highly efficient, with converged design optimizations produced in no more than the computational
work to perform two flow analyses on the finest mesh, independent of the number of design variables.

Introduction

S discussed in Ref. 1, fluid dynamic design procedures gen-

erally require the calculation of many computationally expen-
sive flow analyses. A series of papers have been written! ~> on ways
of reducing this computational burden. Most approaches to fluid
dynamic design problems, as discussed in Ref. 1, are based on a
sequence of global iterations, each one of them requiring a com-
putation of the converged flowfield, a solution for the sensitivity
derivatives, and an appropriate update of the design variables. The
high computational cost of this serial approach comes principally
from the repeated solution of flow equations. Reference 2 examines
issues related to developing robust sensitivities using an adjoint
formulation based on an approximate flow solver. The efficiency
of the smoothing procedure suggested in Ref. 2 has recently been
improved by introducing a progressive optimization strategy,!>*
whereby the optimization process is based on partially converged
flow solutions with the aim of converging the flow solution while
converging the design problems. In addition, we also implement
what we term mesh progressivity, whereby the aforementioned pro-
cessis initiated on coarse grids and the grids are refined as the design
solution converges.

In Ref. 1, several inverse design problems for two-dimensional
inviscid flows have been efficiently solved, and both direct and in-
verse design problems for airfoils in inviscid flow conditions have
been solved in Ref. 3. The progressive convergence strategy has
been compared to serial convergence strategy in Ref. 1, where a
two-dimensionaltransonicdiffuseroptimized by using seven design
variables has been considered. It has been shown that the progres-
sivity of the flow solution and the mesh progressivity resulted in
a reduction of the computational effort by a factor of 50. A rough
evaluation of the two contributions indicated that a factor varying
from 2 to 4 results from the mesh progressivity and a factorranging
from 10 to 25 results from the flow solution progressivity.
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For the two-dimensional design problems in Refs. 1 and 3, the
adjoint equations were solved using a direct solver. The extension
to three-dimensionalinviscid flow problems has been consideredin
Ref. 4, where the progressive procedure suggested in Ref. 1 was
modified by introducing an iterative solver of the adjoint equa-
tions, appropriatefor three-dimensionalflow problems. Specifically,
the steady-state adjoint equations were transformed to pseudotime-
dependentadjointequationsby introducingappropriatetime deriva-
tive terms. These equations were solved in a progressive manner
quite similar to the one employed for the flow equations. Direct and
inverse transonic airfoil design problems, as well as inverse design
problemsof two- and three-dimensionaltransonicnozzles and three-
dimensional supersonic blunt bodies, have been efficiently solved
in Ref. 4. The introductionof the time-dependentadjointequations,
together with their progressive solution, enabled us to extend the
efficiency of the methodology to three-dimensional problems.

The computation of the adjoint solutions only on coarse grids for
inviscid flow problems in two and three dimensions has been intro-
duced in Ref. 5, where many inverse design tests have been com-
puted. These included numerous test cases on a transonic channels,
transonic airfoils, transonic nozzles, and supersonic blunt bodies.
The average saving in computational effort due to the computation
of the adjoint variables on coarse grids ranged from 20 to 50%.
Overall, the key elements of our procedure to date include the use
of the auxiliary flow solver for the adjoint problem formulation,
which contributes to robustness and the progressive convergence of
the flow and adjoint solutions, together with the mesh progressivity,
which contributesto efficiency.

The smoothing procedure? the use of partially converged flow
and adjoint equation solutions in the progressive optimization;' as
well as the computation of the adjoint solutions on coarse grids,’
imply that the optimization process is based on approximate val-
ues of the gradient of the objective function. Another example of
approximate design sensitivity has been discussed by Matsuzawa
and Hafez,® where adjoint equations based on an inviscid flow for-
mulation have been used to determine approximate gradients of the
objective function for airfoil inverse design in laminar flow condi-
tions. Particularly, subsonic and transonic flow abouta NACA 0012
airfoil at zero incidence have been considered, and the correspond-
ing inverse design problems were successfully solved. A drawback
of the methodology in Ref. 6, consistent with its serial approach,
is the relatively large number of design cycles required to converge
the optimization problem.

The recent work of Alexandrov et al.” examined procedures that
utilized design information from coarse grid designs to efficiently
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calculate designs on finer grids within a variable-complexityproce-
dure that they call an approximation and model management opti-
mization (AMMO) framework. They report performance gains of a
speed-up factor of 2-3. In addition, Alexandrov et al.} have exam-
ined utilizing inviscid Euler solutions in a viscous design problem
and obtained a speedup factor of five. These works,”® performed
independently of the present paper and differing considerably in
the methodology, do confirm some of the findings of the present
paper.

The aim of the present paper is to extend the progressive opti-
mization procedure of Ref. 5 to inverse and direct design problems
of airfoils in laminar as well as in turbulent flow conditions. The
adjoint equations will be derived using an inviscid solver involving
a traditional centered scheme with added numerical viscosity. The
inviscid formulation will be used to preserve the simplicity of the
adjoint equations. Moreover, additional time derivative terms will
be introduced to solve the time-dependent adjoint equations pro-
gressively in time. Finally, the flow equations will be solved on a
progressively finer mesh, whereas the adjointequations will always
be solved on the coarsestmesh. This will reduce the cost of the com-
putation of the gradient of the objective function to a few percent of
the total cost of the optimization procedure.

We will present our inverse design optimization procedure first,
and we will utilize a transonic nozzle design problem to quan-
tify the approximations implied in calculating design sensitivities
from the solution of the adjoint equations on coarse grids. Then
inverse design problems of airfoils in both laminar and turbulent
flow conditions will be presented. Finally, the constrained direct
design formulation will be outlined, and the direct design of air-
foils in laminar, as well as in turbulent, flow conditions will be
described.

Inverse Design

The present optimization technique is based on the following
steps: First an appropriate basic flow solver is used that accurately
resolves all important features of the flowfield to evaluate the ob-
jective function. Then an artificial viscosity, auxiliary flow solveris
utilized only to evaluate smooth sensitivity derivatives through ap-
propriate adjoint equations. In the following, we will define the
objective function, and we will present our accurate basic flow
solver along with our auxiliary inviscid flow solver. Then we will
present the corresponding pseudotime-dependert discrete adjoint
formulation, and we will introduce our progressive optimization
strategy. Before we get to the major results of the paper, our opti-
mization technique will be applied to the inverse design of a tran-
sonic inviscid two-dimensional nozzle, to outline the approxima-
tions implied in the solution of the inviscid adjoint equations on
coarse grids. We will then describe the solution of several inverse
design problems involving airfoils in laminar and turbulent flow
conditions.

Objective Function

The inverse design of airfoils consists of finding the geometric
shape whose pressure distribution along the wall p(s, £) matches a
target pressure distribution p(s), where s is the curvilinear coordi-
nate measured along the surface and £ correspondsto a set of design
parameters. A discrete objective function / may be defined as
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where N, is the number of intervals used to discretize the air-
foil surface. The center locations of such intervals are indi-

cated by s;, i=1,..., N.. The discrete computed pressures are
pi =p(si, &1, &, ..., &,), and the discrete target pressures are p; =
p(s;), where &, =1, ..., n, represents the design parameters.

Navier-Stokes Solver
The two-dimensional Navier-Stokes equations in a Cartesian
coordinate system can be written as
dq

0 0
Tt I+ e ) =0 @)

The vector of the conserved variables is given by
q=1[p.pu, pv, pel" 3)
and the convective terms of the flux vectors are

f = [pu, p+ pu, puv, puhy]"

T
g= [,ov, ouv, p + pv?, pvho] @)

where u# and v are the components of the velocity vector in the
Cartesian coordinate system, and p, p, ey, and h, represent the
pressure, the density, the total energy, and the total enthalpy per unit
mass. The shear stress and heat transfer terms of the flux vectors are
given by

fo =10, Tex, Ty, b7, g =100, 15, 7y, 5,17 (5)

where, in Cartesian tensor notation,
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b,\',- = ujf,\',-,\', - q,\',- (6)

Moreover,
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where T, Pr, u, and y are the temperature, the Prandtl number,
the viscosity,and the specific heatratio, respectively. The preceding
equations have been nondimensionalized with respect to reference
values of length L, density p,, temperature 7,, velocity g,, and
viscosity i, .

A semidiscrete finite volume representationof Eq. (2) leads to

qx,- = -

M, =

QIl'SI

3
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where the vector ¢ indicates the average value of the vector ¢ in
the cell volume AV and AS indicates the cell face area, with the
summation over all cell faces. Finally,

where @ is the unit vector normal to the consideredcell face, whereas
i, and i, represent the unit vectors associated with the Cartesian
coordinate system.

The convective terms have been discretized with the
flux-difference-splitting method of Roe.” A MUSCL-type extra-
polation'® with a formal second-order accuracy in space has been
applied to extrapolate the physical variables onto the left and right
sides of each cell edge. The Van Albadaet al. limiter'! has beenused
to compute oscillation-freesolutions. The heat flux and shear stress
terms have been discretized through a central scheme employing
Green’s theorem. For turbulent flow computations, the eddy vis-
cosity hypothesis has been assumed using the algebraic model of
Baldwin and Lomax!'? with the Degani and Schiff'* modification.
The computational flowfield has been divided into an N x M finite
volume mesh, where N indicates the intervals used in the body-
wise direction and M the intervals in the direction normal to the
body.

Auxiliary Flow Solver

The auxiliary inviscid flow solver is used only for the approx-
imate computation of smooth sensitivity derivatives, that is, as in
Ref. 2, via a discrete adjoint formulation. It must be characterized
by added artificial viscosity to smooth the shock. Furthermore, we
wish to utilize an inviscid flow solver to preserve the simplicity of
the adjointequations (although an additionallevel of approximation
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is introduced in the computation of the adjoint variables). The sim-
plest approach that will meet our goals is to use a central scheme
with an adequatelevel of artificial viscosity. The requirementsof the
auxiliary solver allow the use of a simple, constant artificial viscos-
ity ;. Numerical experiments have shown that a value of © equal to
0.1 is appropriatein the coarsest grid computations that will be pre-
sented, whereas the value of ; has been proportionallyincreasedin
the finer grid calculations. The present auxiliary flow solver is used
only in the discrete adjoint formulation, which is considered in the
following.

Discrete Adjoint Formulation
The technique presented in Ref. 1 gives the following equation
for the computation of the derivatives of the objective function:

9l (81) T(awk>
—=(—=) -AT[—= (10)
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where the adjoint variables A, are evaluated according to the fol-

lowing conditions:
awe ) ar\"
— | A= (1
Bu[ £ Bu[ £

fori=1,...,NxMandj=1,...,n,withnthenumberof design
parameters, with repeated indices summed over their range. In the
preceding equations, u; corresponds to the vector of the physical
variables at each cell centeri:

u, = [p,p,u, vl (12)

whereaswy (1, £) = 0 representsthe discretizedsystem of governing
partial differentialequations correspondingto the auxiliary inviscid
flow solver.

In the present formulation, Eqs. (11) are modified by introduc-
ing additional terms representing the time derivative d A; /9t of the
adjoint variables:

oA, (i TA (a1 .
3t ou; ), T\ o, .

Equations(13)representthe adjointequations,asetof4 x N x M
linear, algebraic time-dependentequations. In addition, the analyt-
ical expression of the terms (dwy /u;); and (9w, /3§;), can gen-
erally be determined directly from the definition of the system of
algebraic equations, w; = 0.

The fluid dynamic variables computed with the accurate, basic
Navier—Stokes flow solver are used to evaluate the terms (31 /du; )
and (dwy /0u;)¢. Then, the adjoint equations are solved for the ad-
joint variables A;, iterating in time. The computed fluid dynamic
variables also allow the computation of the terms (9//9¢;), and
(0w, /9&;),. Finally, the sensitivity derivativesof the objective func-
tion, /9&;, can be computed.

For the presenttwo-dimensionalapplication,Eq. (11) can be used
to evaluate the adjoint variables with a direct flow solver, which
has already proven to be efficient.! Generally, direct flow solvers
cannot be used in three-dimensionalapplications because of exces-
sive memory requirement. Thus, we have chosen the pseudotime-
dependentiterative solver for the adjoint equations.

It is common practice to solve the adjoint equations on the same
mesh employed for the solution of the flow equations, to obtain a
mesh converged solution for the adjoint equations as well as for the
flow equations. In this paper, we assess the impact of evaluating
the solution of the adjoint equations with several approximations.
One of these approximationsinvolves solving the adjointequations
on a much coarser grid than the flow equations. We have found,
based on numerical experiments, that sufficiently accurate adjoint
solutions can be obtained on coarse grids provided that we evaluate
the right-hand side of Eq. (13) and the coefficient term using ac-
curate flow solution data. This coarse-grid evaluation of the adjoint
variables has the impact of drastically reducing the computational
time. In the following section, we will assess the impact of this ap-
proximation by case studies with an inviscid solution. Note that the

inviscid test case is used to avoid the influence of the other adjoint
approximation discussed in this paper involving the use of adjoint
equations based on an inviscid flow solver for the optimization of
viscous flow problems.

As far as the practical application of the procedure is concerned,
the best approximation of the term (3//du;); obviously gives the
best approximated values of the adjoint variables. Therefore, this
term is evaluated on the fine grid employed for the flow computa-
tion and then averaged and transferred to the coarse grid employed
for the computationof the adjoint variables. Similarly, the conserved
variables ¢, corresponding to the flowfield computed on the finest
mesh, will be appropriately averaged to determine the correspond-
ing averaged flow solution on the coarse mesh employed for the
computation of the adjoint variables. These averaged values will be
used to evaluate the term (3w, /0u;)¢. The adjoint variables are then
computed on the coarse grid. Finally, the sensitivity derivatives are
computed by evaluating (37/9¢;), and (dw, /9§;), on the coarse
grid.

Progressive Optimization Strategy

The goal of the present convergence technique is to determine
simultaneously the minimum of the objective function, while pro-
gressively reaching a converged solution for the flowfield.

The progressive algorithm consists of the following steps:

1) Start with an initial set of design variables.

2) Start the flow computationson a coarse grid.

3) Advance the flow solver for several iterations.

4) Evaluate the adjointequations on the coarse grid by advancing
the adjoint solver for several iterations, with the condition that the
residuals drop at least one order of magnitude with respect to its
value at the beginning of the procedure.

5) Compute the objective function gradient V1.

6) Update the design variables according to the relation

al

§ =6 age (14)
where a; are positive parameters.

7) Repeat steps 3—6 until the gradient of the objective function is
sufficiently decreased (from one to two orders of magnitude).

8) Refine the mesh by doubling the number of intervals in each
direction and interpolate the computed flow solution to the finer
grid.

9) Repeat steps 3—6 until the gradient of the objective function
is decreased one-half to one order of magnitude more, the adjoint
equations always being solved on the coarse grid.

10) Repeat steps 8 and 9 until the finest grid is reached.

11) Repeat steps 3—6 until the objective function has sufficiently
decreased, the adjoint equations always being solved on the coarse
grid.

The coefficient a; in Eq. (14) is evaluated as a; = bc;. The coef-
ficient b represents the minimum value of a; and is given by

AV
po D&
K|V, 110

max

(15)

where A&, is a typical (order of magnitude) change of the design
parameters, k is a constantranging from 40 to 100 depending on the
test case, and |V, 719, is the largest absolute value assumed by the
sensitivity derivatives of the objective function after the first global
step, steps 1-5. The term ¢; is an amplification factor with a mini-
mum value equal to 1 and a maximum value ¢,, thatdepends on the
convergence of the normalized gradient of the objective function.
Specifically, ¢), is equal to 10 if the convergenceis lower than one
order of magnitude, is equal to 40 if it is higher than two orders,
and it varies linearly between 10 and 40 for intermediate values of
the convergence of the normalized gradient of the objective func-
tion. At the beginning of the computations, ¢; is set to 1, and then
it is increased by 50% if the corresponding sensitivity derivative of
the objective function maintains its sign, whereas it is decreased by
50% if the sign changes. This approach allows large changes for the
design variables whose sensitivity derivatives maintain the same
sign, whereas it assigns small changes to design variables whose
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sensitivity derivatives are changing their sign. We have devised this
technique because of the very slow convergence of the method of
steepest descent, corresponding to ¢; equal to one. Our approach
of using an inviscid smoothed adjoint solver for a viscous problem,
together with the computation of the adjoint equations on a coarse
grid and with our progressive optimization (where the flow and the
adjoint solvers may be partially converged), leads to an approxi-
mate gradientevaluation, which caused convergenceproblems with
classical optimizers. The use of the amplification factor ¢; just de-
scribed significantly improves convergencecompared to the method
of steepest descent.

In the computed results, we considered the objective function
to have decreased sufficiently when the norm of its gradient has
decreased 2.5 orders of magnitude with respect to its value after the
first global step, steps 1-5.

The progressiveoptimizationstrategy has been extensivelyinves-
tigated for a variety of other problems that incorporated the same
optimizer described earlier, Eq. (14), that utilized Eq. (15) to define
the coefficient b with the terms k and c; as defined earlier. Design
problems using this optimization strategy included inviscid tran-
sonic flows in channels and about airfoils’ as well as inviscid'*
and turbulent” transonic flows inside cascades. In addition, the
progressive-meshfprogressive-convergence strategy has also been
applied to the design of an industrial afterburner® using a commer-
cial analysis code and computing the sensitivitiesby means of finite
differences. The same optimizer was used without modifications
and with all of the implied coefficients defined here.

Inviscid Two-Dimensional Nozzle Results

This test case is only presented to evaluate the approximation
connected with using the coarse grid solution of the adjoint equa-
tions to evaluate sensitivities on fine grids in an inviscid design
problem. Later in the paper we will be using inviscid, coarse grid
sensitivitiesin viscousdesign problems. It is useful to evaluatethese
approximations separately.

The test case is the inviscid transonic flow in a symmetric nozzle.
Calculations are performed on the lower half of the nozzle. The
ordinates y,, of the lower wall corresponding to the nozzle profile
are zero for —0.5 <x <0 and 1 <x < 1.5, whereas in the range
0 <x <1 they are defined as follows'’:

Na
Vo) =Y enxitx — 1) (16)

i=1

The quantities ¢; are the design parameters. The symmetry line is
located at y = 1, and the outlet pressure is equal to 0.7.

We have considered N, =20 design variables. The target ge-
ometry corresponds to «; = 2.0 and other «; values equal to 0.5.
The flowfield is evaluated by employing an H grid defined by
(x;, y,) = (x, +[Ax, y,, + nAy), where Ax is constantand Ay isa
constant fraction of the local height of the channel. The computed
pressure distribution on the lower wall of the target geometry is
taken to be the target pressure.

The Mach number contourlines correspondingto the target bump
geometry are shown in Fig. 1, where a small supersonic flow bubble
locatedin the bump region and terminated by arecompressionshock
can be observed.

Fig. 1 Iso-Mach lines; inviscid two-dimensional nozzle.
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Fig. 2 Isolines of first adjoint variable A; (scaled by 1000); inviscid
two-dimensional nozzle, mesh: 80 X 20 cells.
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Fig. 3 Isolines of first adjoint variable A; (scaled by 1000); inviscid
two-dimensional nozzle, mesh: 20 X 5 cells.

The initial values of the design parameters have been set such
that oy = 1.5, with the other ¢; setto 0.2. The flow solver has then
performed 1000 iterations on a mesh made by 80 x 20 cells. The
incompletely converged flow solution has been used to compute
the converged solution of the adjoint equations on the same mesh.
The isolines corresponding to the first adjoint variable A, appro-
priately scaled by a factor of 1000, are plotted in Fig. 2. The same
flow solution has then been used to compute the converged adjoint
solution on a coarser mesh made by 20 x 5 cells. The isolines of the
first adjoint variable A |, computed on the coarser mesh, are plot-
ted in Fig. 3. We note that the differences between the isolines are
small. The adjoint variables computed with the coarse mesh give a
reasonable representation of the adjoint field, although with some
approximation. The gradient of the objective function has been also
computed with the two different mesh distributions. In comparison
with the value computed by employing the finer mesh, the modulus
of the gradientof the objective functionreducesby 4% if the coarser
mesh is considered. Some other test cases have also been consid-
ered involving different initial values of the design parameters and
different levels of convergence of the flow solution. All of the test
cases have shown results very similar to those outlined here. Based
on these results, we conjecture that computing the adjoint variables
on coarser mesh distributions results in only a small error in the
computation of the sensitivity derivatives. However, the computa-
tional time is reduced by more than two orders of magnitude, which
means reducing the computational time to evaluate the sensitivity
derivatives to less than 1% of the total computational time for the
optimization process.

Laminar Flow Airfoil Results

The inverse design of airfoils in laminar flow conditions is con-
sidered here. Following the procedure used in Ref. 18, the airfoil
surface shape is described as

X Mo X
Y(;) = ;a[Y[<:> (17)

where Y =y/c, with y being the airfoil ordinate, and ¢ the air-
foil chord length. The shape functions Y;(x/c) are the ordinates
of the N, specified airfoils, which depend on the nondimensional
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Fig.5 Pressure and skin-friction coefficient distributions; laminar air-
foil inverse design.

abscissa x /c. The weighting terms «; are the design parameters of
the problem.

We considered the transonic laminar flow about a NACA0012
airfoil with an undisturbed Mach number M, =0.80, an angle of
attackequal to 10 deg, and a Reynoldsnumberequalto 5 x 107 (c.f.,
Ref. 19). Then the converged flowfield is evaluated by employing
a C grid consisting of 256 x 64 cells. The computed Mach number
contours are plotted in Fig. 4. In Fig. 5, we present the distribution
of surface pressure coefficient (solid lines) and the distribution of
skin-friction coefficient (dotted lines). The results in Figs. 4 and 5
are in good agreement with the well-assessed results reported in
Ref. 19. The computed pressure distribution on the airfoil surface
is taken to be the target pressure. Although this case does not have
a shock, it may be considered a severe test case because the results
of Figs. 4 and 5 indicate a large recirculation region on the upper
surface of the airfoil.

We performed an optimization test with N, =4 and Y,-Y, as
the shape of four specified airfoils, NACA 0012, NACA 64, — 412,
NACA 64,A215, and NACA 65, —415. The target set of coeffi-
cients is @ = (1, 0, 0, 0), and we assumed an initial airfoil shape
corresponding to the set of coefficients « = (1.5, 0.5, 0.5, 0.5). The
optimization process has been performed by employing three mesh
levels made by 64 x 16, 128 x 32, and 256 x 64 cells.

Figure 6 shows the convergencehistory of the logarithm (base 10)
of the objective function,log,,(/), and of the logarithm (base 10) of
the normalized gradient of the objective function, log,, |[VI|. The
abscissa in Fig. 6 is the required work, with a unit of work consid-
ered as the computational time required to run a single analysis on
the finest mesh with a drop in the residuals equal to five orders of

logw| v Il

J\/

o A
/

(

log,, (1)

Work %

Fig.6 Convergence history; laminar airfoil inverse design, finest mesh:
256 X 64 cells.
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Fig. 7 Airfoil shapes; laminar airfoil inverse design.

magnitude. The results indicate that the work required to converge
the gradient of the objective function by 2.5 orders of magnitude
is equal to 0.19 work units. This extremely efficient result is con-
nected with the benefit of the mesh sequencing, which brings the
optimizationproblem very close to convergenceon the intermediate
mesh. Therefore, very few expensive iterations are required on the
finest mesh level. This is possible because of the absence of a shock
in the flowfield. Another contributing factor is the use of the coars-
est mesh to compute the adjoint variables. Indeed, the cost of the
computation of the sensitivity derivativesis only 4% of the required
computational work in the present test case.

The corresponding optimal distributions of the pressure coeffi-
cient and of the skin-frictioncoefficient are plottedin Fig. 5 as sym-
bols. Figure 5 indicates the effective agreement between the target
and the optimal distributions,including the skin-frictioncoefficient,
indicating that the solution has converged sufficiently. Another in-
dication of sufficient convergencecan be observedin Fig. 7, where
the target airfoil shape (continuousline) is plotted together with the
initial airfoil shape (dashed line) and the optimized airfoil shape
(symbols). Figure 7 shows that the optimized airfoil shape practi-
cally coincides with its target value. Figure 7 also illustrates that
the optimization process starts from an airfoil shape thatis very dif-
ferent from the optimized one. However, the optimization process
reaches the target shape without being trapped at any other local
minimum.

To analyze the influence of the mesh size, the precedingoptimiza-
tion process has been repeated by employing three coarser mesh
levels made by 32 x 8, 64 x 16, and 128 x 32 cells. The initial and
target o values were not changed. The corresponding convergence
resultsindicate that the work requiredto convergethe gradientof the
objective functionby 2.5 orders of magnitude, is equal to 0.37 work
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Fig.8 Complete convergence history; one design variable laminar air-
foil, finest mesh: 128 X 32 cells.

units. In this test case, with coarser grids, the convergenceachieved
on the intermediate mesh is not as good as the one obtained by em-
ploying the finer grids. Therefore, the computational work required
has increased, but it is still very low. Note the work reduction that
can be obtained by using more refined meshes.

To test the influence of the number of design variables, we con-
sidered an optimization test with only one design variable, that is,
N, = 1andY;, tobethe ordinatesof a NACA 0012 airfoil. The initial
oy value was set to 2.5, which corresponds to considering an ini-
tial NACA 0030 airfoil configuration. The optimization process has
been performed by employing three mesh levels made by 64 x 16,
128 x 32, and 256 x 64 cells. The corresponding convergence re-
sults indicate that the work required to converge the gradient of the
objective function by 2.5 orders of magnitude is equal to 0.15. The
work required is slightly lower than the work required to converge
the four design variable test case, thus providing evidence that the
number of design variables does not significantly alter the rapid
convergence properties of the present methodology.

When the one design variable test case was recomputed by em-
ploying three coarser mesh levels made by 32 x 8, 64 x 16, and
128 x 32 cells, the corresponding convergence results indicate that
the work required to converge the gradient of the objective function
by 2.5 orders of magnitude was equal to 0.40. We observe again
that the computational work required has increased with respect
to the work required by the optimization process employing three
finer mesh levels. We also observe that the work required is even
slightly larger than the work required to converge the corresponding
four-design variable test case, thus enforcing again the conclusion
that the number of design variables does not significantly alter the
efficient convergence properties of the present methodology.

In the presentsituation, we also performed an extended optimiza-
tion test to investigate the ability of the inviscid adjoint formulation
to bring the optimization process to machine zero. The convergence
history is plotted in Fig. 8, which shows the capability of the present
inviscid adjoint formulationto bring the optimization process to ma-
chinezero. The objectivefunctiondecreases 12 orders of magnitude,
and the modulus of the gradient of the objective function decreases
more than 6 order of magnitude. In addition, the design variable
approachesits target value with a relative error lower than 1075,

Turbulent Flow Airfoil Results

The inverse design of airfoils in turbulent flow conditionsis now
considered. The airfoil surface shape is described again by Eq. (17),
where the weighting terms ¢; continue to be the design parameters.

‘We considered the transonicturbulentflow abouta Royal Aircraft
Establishment(RAE) 2822 airfoil with an undisturbedMachnumber
M, =0.75 atan angle of attack equal to 2 deg and with a Reynolds
number equal to 6.2 x 10° (cf., Ref. 20). Then the converged flow-
field is evaluatedby employinga C grid made by 256 x 64 cells with
the first mesh point off of the surface correspondingtoa y* < 1. The
computed pressure and skin-frictioncoefficient distributionson the
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Fig. 9 Pressure and skin-friction coefficient distributions; turbulent
airfoil inverse design.
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Fig. 10 Convergence history; turbulent airfoil inverse design, finest
mesh: 256 X 64 cells.

airfoil surface are plotted in Fig. 9 (continuous and dotted lines).
This surface pressure distribution is taken to be the target pressure
for our inverse design problem.

We performed an optimization test with N, =4 and Y,-Y4 as the
shape of four specified airfoils, NACA 0012, RAE 2822, NACA
64,A215, and NACA 65, —415. The target set of coefficients is
o =(0,1,0,0), and we assumed an initial airfoil shape correspond-
ing to the setof coefficientsa = (0.5, 1.5,0.5,0.5). The optimization
process has been performed by employing three mesh levels made
by 64 x 16, 128 x 32, and 256 x 64 cells.

Figure 10 shows the convergence history and indicates that the
work required to converge the gradient of the objective function by
2.5 orders of magnitude is equal to 1.62. In this turbulent test case,
the presenceof a shockin the flowfield requires many more iterations
on the finest mesh level, particularly in the very sensitive shock re-
gion, and consequentlyrequires much more work with respectto the
laminar flow test case. The corresponding optimal distributions of
the pressure coefficient and of the skin-frictioncoefficient are plot-
ted in Fig. 9 as symbols. Figure 9 shows good agreement between
the target and the optimal distributions,indicating that the solution
has converged sufficiently. Another indication of convergence can
be observed in Fig. 11, where the target airfoil shape (continuous
line) is plotted together with the initial airfoil shape (dashed line)
and the optimized airfoil shape (symbols). Figure 11 shows that the
optimized airfoil shape practically coincides with its target value.
Figure 11 also illustrates that the optimization process starts from
an airfoil shape very different from the optimized one.

To analyze the influence of the mesh size, the precedingoptimiza-
tion process has been repeated by employing the three coarser mesh
levels made by 32 x 8, 64 x 16, and 128 x 32 cells. The initial and
target o values were not changed. The corresponding convergence
results indicate that the work required to converge the gradient of



DADONE AND GROSSMAN 2003

0.3

0.2

0.1

LA LI e e |
\
/

-0.1 N -

[ ~ - P

- -~ o e

5 S - — — — — Initial
02k Target

B o Optimal
_ T TSI ISR RS ST |
0.3 o] 0.25 0.5 0.75 X 1

Fig. 11 Airfoil shapes; turbulent airfoil inverse design.

the objective function by 2.5 orders of magnitude is equal to 2.14,
higher than the work required using the more refined mesh levels.
The conclusions drawn from the laminar inverse test case still ap-
pear to hold: The use of more refined mesh distributions leads to a
work reduction.

Airfoil Direct Design

The direct design method that we implementis based on trying to
determine the shape of an airfoil that optimizes a particularaerody-
namic characteristic subject to several constraints. In the following,
we will first describe the variations of the formulation with respect
to the methodology outlined earlier. Then we will presentresults for
airfoil designs corresponding to laminar as well as turbulent flow
conditions.

Formulation

The only change in the formulation of the direct design problem
involves the handling of constraints. All of the direct airfoil designs
considered here will have an area constraint such that the airfoil
cross-sectional area A(£), nondimensionalized by ¢2, with ¢ the
airfoil chord,

A(g) = Amin (18)

This area constraint has been directly enforced using a gradient
projection method (cf., Ref. 21).

For the laminar direct design, we maximize the lift coefficient
C (£) with a constraint on the drag coefficient Cp (£):

CD(&) = C‘Dmax (19)

We handle the constraint with a penalty function technique that
minimizes the following objective function:

1) = ~CL+ Ri8(Cp/Cpmax — 1) (20

where 8; is equal to 0 for Cp < Cp . and is otherwise equal to
1. Also, R, is the penalty constant, which can be used to increase
emphasis on the constraint violations.

For the turbulent direct design, we will maximize L/D. Effec-
tively, this is performed by minimizing Cp (§)/C (§), with the fol-
lowing constraint on the lift coefficient:

CL(&) = C‘Lmin (21)

The corresponding unconstrained optimization problem is to mini-
mize the objective function

1() = Cp/CrL + Ry82(Crmin/Cr — 1) (22)

where §, is equal to 0 for C, > C; i, and is otherwise equal to 1.
R, is the penalty constant.

The §; terms are discontinuousat Cp = Cp .« (laminar test case)
orat C; = Cy p, (turbulent test case). Numerical experiments have
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Fig.12 Convergence history; laminar airfoil direct design, finest mesh:
256 X 64 cells.

shown this discontinuity to cause irregularities, which reduce the
efficiency of the progressive methodology. As a consequence, we
used an extended penalty function technique, which smooths such
a discontinuity approximating the §; terms with a hyperbola.

The progressiveoptimizationstrategy outlinedearlieris used with
minor variations. Specifically, the optimization problem is consid-
ered to be completed when the norm of the gradient of the lift
coefficient (laminar test case) or of the ratio Cp(§)/Cp(§) (tur-
bulent test case) is decreased 3.5 orders of magnitude with re-
spect to the value it assumes in the early stages of the optimization
process.

Laminar Flow Results

The test case analyzed in Ref. 22, extended to laminar flow, is
consideredhere (i.e., we consider a laminar flowfield with an undis-
turbed Mach number equal to 0.75) at an angle of attack of 4 deg
and with a Reynolds number equal to 5 x 10%. The airfoil shape is
described by Eq. (17) with N, =4. The terms Y,-Y, are the shape
of four specified airfoils, NACA 2412, NACA 64, —412, NACA
64,A215, and NACA 65, —415. The initial airfoil shape corre-
sponds to the set of coefficients « = (1, 0, 0, 0), that is, the con-
strained lift optimization process has been performed starting from
a NACA 2412 airfoil. The minimum nondimensional area is taken
to be Ay, =0.075 and the drag coefficient constrained to be less
than Cp ,x =0.21. The optimization process uses three mesh levels
with 64 x 16, 128 x 32, and 256 x 64 cells.

Figure 12 presents the convergence history of the lift coeffi-
cient C; and of the logarithm (base 10) of its normalized gradi-
ent, log,, [VC.|, vs the work. The results indicate that the work
required to converge the gradient of the lift coefficient by 3.5 orders
of magnitude is equal to 0.93 work units. The computed lift coef-
ficient is C; =0.293, whereas the drag constraint is very slightly
violated at a value of Cp =0.213. The area constraint is exactly
enforced. Figure 12 shows that an apparent higher value of C; is
attained at the earlier stages of the convergence process, which is
due to a flow solution that has not fully converged. The correspond-
ing original NACA 2412 airfoil has a lift coefficient C; =0.201
and a drag coefficient Cp =0.220. The optimization process has
improved the lift coefficient by 46%, while reducing the drag coef-
ficient by 3.3%. Unfortunately, the corresponding airfoil profile is
rather unrealistic, as shown in Fig. 13, where the optimized profile
is plotted. Figure 14 presents the pressure and skin-friction coeffi-
cient distributions. The unrealistic airfoil profile corresponds to a
laminar flow point design. Obviously, at off-design conditions, this
airfoil would perform poorly. More constraints would be required
to produce a more realistic shape. However, the test case shows
the ability of the methodology to improve the airfoil aerodynamic
characteristics.

Turbulent Flow Results
Here we considerthe lift over drag maximizationstarting from the
RAE 2822 airfoil considered in the turbulent flow inverse design.
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Fig. 14 Pressure and skin-friction coefficient distributions; laminar
airfoil direct design.
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Fig. 15 Convergence history; turbulent airfoil direct design, finest
mesh: 256 X 64 cells.

The undisturbed Mach number is equal to 0.75, the angle of attack
is 2 deg, and the Reynolds number is equal to 6.2 x 10°. The airfoil
shape is described by Eq. (17) with N, =4. The terms Y,-Y, are
the shape of four specified airfoils, NACA 0012, RAE 2822, Korn
airfoil, and NACA 65, —415. The initial airfoil shape corresponds
to the set of coefficients @ = (0, 1, 0, 0). The minimum nondimen-
sional area is taken to be the area of the original RAE 2822 airfoil,
and the minimum lift coefficient is taken to be Cj min =0.65. We
performed a drag over lift minimization using three mesh levels:
64 % 16, 128 x 32, and 256 x 64 cells.

Figure 15 presents the convergence history of the drag over lift
coefficients, Cp/Cy, and of the logarithm (base 10) of its nor-
malized gradient, log,, |V(Cp/C.)|, vs the work. The results in-
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Fig. 17 Pressure and skin-friction coefficient distributions; turbulent
airfoil direct design.

dicate that the work required to converge the gradient of Cp/C,
by 3.5 orders of magnitude is equal to 2.38. The computed lift co-
efficient is C, =0.7091, and the drag coefficientis Cp =0.01164,
which correspond to a lift over drag C; /Cp =60.9. The area con-
straint is exactly enforced. For comparison, the correspondingorig-
inal RAE 2822 airfoil shows a lift coefficient C; =0.7212 and
a drag coefficient Cp =0.0185, which correspond to a lift over
drag C; /Cp =39.0. The optimization process has improved the
lift over drag by 56%, with a very slight reduction in lift coeffi-
cientby 1.7%. The correspondingairfoil profile is shown in Fig. 16,
which presents the optimized airfoil profile (continuous line) to-
gether with the original RAE 2822 airfoil profile (dashed line) and
the airfoil profile at the beginning of the optimization process on
the finest employed grid (dotted line). Figure 16 indicates the ad-
vantage of progressivelyrefining the mesh for turbulent flow direct
design. We see that the airfoil profile at the beginning of the opti-
mization process on the finest employed grid is midway between
the optimized and the original airfoil. The changes are particularly
evident on the upper side of the airfoil, in the very sensitive shock
region. Therefore, a substantial change in the airfoil profile has
been obtained by utilizing coarser meshes at a low computational
cost.

Finally, Fig. 17 presents the pressure and skin-friction coefficient
distributions, which indicate that the optimized airfoil flow is char-
acterized by a weak shock. The Mach number in front of the shock
is approximately 1.35 on the original RAE 2822 airfoil, whereas it
reduces to approximately 1.2 for the optimized airfoil.

To analyze the influence of the mesh size, the preceding opti-
mization process has been repeated by employing the usual three
coarser mesh levels made by 32 x 8, 64 x 16, and 128 x 32 cells.
The convergenceresults indicate that the work required to converge
the gradientof Cp/C;, by 3.5 orders of magnitude is equal to 2.52,
5% higher than the work required by the optimization performed
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Table1 Summary of viscous test cases

Design Flow
Test case variation, N, finest mesh ‘Work
Laminar inverse design 4 256 x 64 0.19

128 x 32 0.37
256 x 64 0.15
128 x 32 0.40
256 x 64 1.62
128 x 32 2.14
256 x 64 0.93
256 x 64 2.38
128 x 32 2.52

Laminar inverse design
Laminar inverse design
Laminar inverse design
Turbulent inverse design
Turbulent inverse design
Laminar direct design
Turbulent direct design
Turbulent direct design

R S S A el

with the finer mesh levels. In addition, the less accurate flow com-
putations indicate an increase of the lift over drag, C; /Cp, of only
31%. These results show that the use of finer mesh distributions
improves the efficiency of the present methodology and the perfor-
mance of the optimization.

Summary of Results

The results from the viscous test cases considered in this paper
are summarized in Table 1.

These test cases give an indication of the applicability and effi-
ciency of the design strategy described in this paper. Large gains
in efficiency have been obtained through the progressive optimiza-
tion strategy that utilized coarse grid solutions of an inviscid adjoint
problem to obtain approximationsfor design sensitivitiesin viscous
airfoil design problems. These cases included both inverse and di-
rect designs of airfoils in laminar and turbulent flow. Over this class
of applications, the methodology was highly efficient and exhibited
robustness.

Conclusions

An extremely efficient formulation for the inverse and direct de-
sign optimizationof airfoilsin laminar and turbulentflow conditions
is presented. Converged designshave been obtainedin the computa-
tional work to perform less than two flow analyseson the finest grid,
independent of the number of design variables. Our procedure si-
multaneously relies on converging the design process, the analysis,
and the adjointequation solution, while sequentially using progres-
sively finer grids. Approximate design sensitivities are computed
using a highly efficient adjoint solution procedure based on a sim-
plified auxiliary flow solver. This simplified adjoint solution, based
on an inviscid flow model that is artificially dissipative,is used only
to generate approximate design sensitivities. The flow solution and
the objective function are evaluated with standard Navier-Stokes
solvers. Our procedureis implemented using what we term progres-
sive optimization, whereby a sequence of operations, containing a
partially converged flow solution, followed by a partially converged
adjointsolution,followed by an optimizationstep, is performed. We
utilize a sequence of finer grids for the flowfield solution, and use
the coarsest grid for the solution of the adjoint equations.

This approachhas been tested on inverse and direct (constrained)
designproblemsinvolvingairfoilsin laminarand turbulentflow con-
ditions. The methodologyhasexhibitedrobustnessand was shownto
be highly efficient, with a converged design optimization produced
in no more than the amount of computational work to perform two
flow analyseson the finest mesh. Parametric studies have shown that
the relative work (based on a converged flow analysis on the finest
grid) required to converge the optimization problems reduces using
finer grids and is not significantly affected by the number of design
variables.

The nature of our approach has been heuristic and has been sub-
stantiated on a sequence of test problems. The speed-up gains that
we have observed using our methods are substantial. However, we
have not attempted to assess the isolated gains of the individual
elements of our procedures for the viscous design problems consid-
ered here. Furthermore, because our approach is based on the use
of approximate sensitivity derivatives, we cannot ensure that the
method will converge for every conceivable design problem How-
ever, for design problems such as those presented in this paper, we

have not encountered any cases that have failed to converge or that
even converge slowly.
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